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Abstract

Formal verification using proof assistants, such as Coq or Lean, is
an effective way of ensuring software correctness. Recent research
has shown that machine learning can automate proof synthesis, but
such approaches are only successful a fraction of the time. Methods
for improving such proof synthesis include training more precise
models, improving the model-driven synthesis search mechanisms,
and effectively combining multiple models into synthesis search.
This paper focuses on the latter and develops ProofCoop, for the
first time demonstrating collaborative cooperation between models.
Diva, the state-of-the-art method for combining models, uses a
disparate search for each model. On the CoqGym benchmark of
68.5K theorems from 124 open-source Coq projects a Diva combina-
tion of five models automatically proves 3,287 (27.5%) of CoqGym’s
11.9K test set theorems, while the best individual model proves
only 2,604 (21.8%). By contrast, our method, ProofCoop can use
the same five models to fully automatically prove 3,937 (33.0%)
theorems, meaning that ProofCoop is 19.8% more likely to prove
a theorem, on average, than the prior state of the art combination
method. ProofCoop allows its models to build on each other’s con-
tributions and demonstrates that such collaboration significantly
increases synthesis success. ProofCoop enables six different types
of collaboration: joint model next-step prediction at each search
step; preferential next-step prediction via voting, bidding, and stack-
ing; sharing lemmas proven across models mid-search, and models
completing each other’s partial proofs. Together with CoqHammer,
ProofCoop synthesizes proofs for 36.0% of the theorems. Our re-
search demonstrates that creative uses of learned models can lead to
collaborative synthesis that is more effective than prior approaches,
suggesting a powerful new research direction in automated formal
verification.
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1 Introduction

Poor software quality cost the US economy $2.41 trillion in 2022 [41]
and consequences of faults in operational software range from
halting global infrastructure services [63] to loss of life [77]. One
promising method for improving software quality is formal ver-
ification using proof assistants, such as Coq [76], Lean [11], and
HOL4 [70]. Formal verification is highly effective: for example, a
compiler evaluation study [91] found bugs in every tested C com-
piler, including LLVM [43] and GCC [73], but none in the formally
verified (in Coq) portions of CompCert [47]. There have been sev-
eral highly successful industrial verification deployments, including
at Airbus France [72], Google [16], and Mozilla [34].

Unfortunately, formal verification adoption is hindered by the
significant manual effort and expertise required to write specifi-
cations and verification proofs. For example, the proofs verifying
CompCert are 8 times longer than the functional code [46]. And
even small software changes can require heavy proof editing [61].

Recent research has produced tools that use machine learn-
ing (ML) trained on human-written or autoformalized proofs to
automatically synthesize proofs for new software [49, 57, 66, 67, 75,
89]. These tools (1) use a neural model to predict the next proof
step, and (2) use that model to drive a metaheuristic search through
the space of possible proofs, using the interactive theorem prover
to prune the search and identify successful proofs. Unfortunately,
most state-of-the-art tools can verify only a fraction of the desired
properties in Coq projects [17, 66, 68, 79].

There are three ways to improve the efficacy of ML-based proof
synthesis tools: (1) by training more precise models [18, 67, 79, 89],
(2) by improving the search mechanism that uses a model to navi-
gate the space of possible proofs [68], and (3) by effectively com-
bining the use of multiple models in the search [8, 17]. This paper
focuses on the latter approach, for the first time using multiple mod-
els collaboratively to automatically synthesize verification proofs.

The state of the art in combining models is the Diva tool [17],
which uses multiple independent searches to attempt to synthesize
a proof in parallel using different, diversely trained models. Gpass
builds upon this work by identifying other diversity dimensions,
such as training time checkpoints, though uses the same method
as Diva for combining models at search time [7]. Notably, these
state-of-the-art methods do not allow the models to collaborate,
using them in independent searches, with each model trying to
prove properties on its own. In this paper, we demonstrate that a

collaborative synthesis approach that allowsmultiplemodels
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to work together can significantly increase proof synthesis

effectiveness, proving 51.2% more properties than the best

individual model, and 19.8% more properties than the state-

of-the-art combination method without collaboration.

We develop ProofCoop, a proof-synthesis approach that uses
model collaboration. ProofCoop explores six approaches that prior
proof synthesis tools have not:
(1) Union tactic predictions: use the predictions from every model.
(2) Certainty bidding: use the most confident models’ predictions.
(3) Voting: use predictions that win the vote among the models.
(4) Stack prediction: use a fine-tuned large language model (LLM)

to choose a subset of the model predictions.
(5) Subgoal proof sharing: maintain a shared cache among models

of proofs of proven facts.
(6) Local subgoal proofs: build shallow exploratory subtrees to allow

each model an attempt completing proofs of subgoals fast.
In proof synthesis architectures that employ search trees, a tree

node is a proof state containing the current proof context (including
the goal and current hypotheses) and a tree edge is a tactic com-
mand that transforms a proof state into a new proof state. While
most search trees are entirely built using a single model, Proof-
Coop’s approach allows models to collaboratively try to progress
the proof at every tree node, potentially reaching search depths that
a single model would be unable to reach. This can greatly boost the
proof synthesis capability of component models in a collaborative
set, particularly when those models perform poorly on their own.
Union tactic predictions, stack prediction, and subgoal utilization
approaches can synthesize more proofs than the union of those
synthesized by all component models. Meanwhile, voting and bid-
ding synthesize more proofs than any individual model with the
same efficiency as any individual search.

To train our component models and evaluate ProofCoop, we
use the 68.5K theorems from the CoqGym benchmark of 124 open-
source Coq projects, which has a test set of 11,911 theorems [89]. On
this test set, prior tools for Coq that rely purely on non-collaborative
search, Tok [18], Tac [18], ASTactic [89], Passport [67], and Prover-
bot9001 [66], prove 1,168 (9.6%), 1,188 (9.8%), 1,324 (10.9%), 1,517
(12.5%), and 2,408 (19.8%) theorems, respectively. A Diva combina-
tion (without collaboration) of ProofCoop’s component models
proves 3,287 (27.5%) of theorems in this test set. ProofCoop, mean-
while, proves 3,937 theorems. This is an improvement of 51.2% over
the best individual model (3,937 vs. 2,604), and 19.8% more theo-
rems than the state-of-the-art, Diva (3,937 vs. 3,287). ProofCoop’s
improvement is greater for less individually effective models: Sec-
tion 4.4 shows that when combining two poorly performing models,
ProofCoop can prove up to 30.4% more theorems than Diva. Given
the difficulty of manual proof-writing along with the high cost of
bugs, this represents significant savings for engineers, as well as a
significant increase in automatically verified software quality.

While the ProofCoop approach is independent of model archi-
tecture, we implement ProofCoop with models that are variants of
Proverbot9001 [66], an RNN-based model. By not using LLM-based
models, our evaluation benefits in multiple ways: (1) there is no
threat of test leakage as all models are trained from scratch, (2) it is
reproducible on CPUs as Proverbot9001 models and ProofCoop’s
stack predictor only require GPU use at training time, and (3) there
is no reliance on API calls to proprietary models.

The main contributions of our work are:
• A conceptualization of the above six investigatory approaches

to collaboration of complimentary models during proof search.
• An implementation of each of these collaboration approaches

in our tool ProofCoop.
• An empirical evaluation of ProofCoop on the CoqGym bench-

mark [89], significantly outperforming the state of the art.
We publicly release all the data, code, and scripts used in the re-

search described in this paper to facilitate replication and extension
of this research [40].

2 Motivating Collaborative Search

This section introduces theorem proving in proof assistants and how
machine learning can automate proof synthesis. It then describes
the Diva approach to combining diverse machine learning models
for automating proof synthesis, which our approach builds on, and
motivates the need for more collaborative search strategies.

2.1 Theorem Proving

To prove a software property, an engineer starts by stating that
property as a theorem in a proof assistant language, such as Coq. The
proof assistant uses this theorem to create a proof state describing
all known facts (or the local context of assumptions) and all facts to
be proven (or the goals or subgoals). An engineer then successively
adds commands called tactics, evolving the proof state to QED
and in the process building up a proof script. The proof assistant
turns a completed proof script into a proof object [62], which is
machine-checkable for validity.

2.2 Machine learning for theorem proving

Machine learning tools interact with proof assistants to help guide
them through a heuristic tactic search [28]. After predicting a tactic,
they use the proof assistant to validate the current proof script
and receive a new proof state from the assistant. They use this
new proof state, and potentially the current proof script [18], as an
input to predict the next tactic. This interaction is combined with
algorithms such as tree traversal [66] to allow for an automated
search through the space of possible proofs.

Tree-based tactic search in Proverbot9001 [66] uses a search tree
in which every node contains a Coq state and every edge is a tactic
that changes this state. States include the current goal to be proven
and all associated hypotheses and background goals. The root node
of the tree contains the initial proof state, including the theorem
to be proven as the goal. Predictor models produce tactic options
using the context at an edge node of the search tree, ordered by
model certainty value. The search procedure involves running each
of these tactic options in turn, and adding it on as a child node upon
success. This becomes the new edge node. Because the search is
depth-first, this new branch is followed until its end — either the
depth limit is reached or all model-produced tactics fail. The search
then traverses back and uses the next tactic option to start a new
branch, up to the maximum width of the search tree. Proverbot9001
uses this approach with RNN-based prediction models.

Models trained with different hyperparameters or training data
can result in different sets of valid tactic predictions at the same
search step, and therefore very different search trees. This may
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Figure 1: Whole proof level (Diva, left) vs. search step level

(right) combination.

mean that two differently trained models are able to synthesize
proofs for different subsets of the same set of test theorems.

2.3 The Diva approach

The Diva approach leverages the differences observed among mod-
els to combine the proof synthesis capabilities of multiple, diverse
models [17]. These models can be specialized to synthesize proofs
for different types of theorems, increasing overall proving power.
Diva performs this combination at the whole proof level, rather
than at the level of a single search step (see Figure 1). The models
conduct independent searches for a proof. Proof checkers act as
oracles to determine whether any individual model succeeded at
proving a particular theorem. Accordingly, even if only a single
model in an ensemble is able to synthesize a proof in its independent
search, the ensemble is considered to have proved the theorem. Diva
allows for selecting models that are good at synthesizing proofs of
particular theorems. However, when no independent search yield a
complete proof, a Diva combination fails to combine models’ abili-
ties to predict individual steps or prove particular subgoals, which
both are useful capabilities for growing a search tree.

2.4 Illustrating Collaboration

The shortcomings of the Diva approach introduce the need to ex-
plore the potential of model collaboration at the search step level as
it may allow multiple models to grow a search tree together more
effectively than a single model is able to. For instance, model A may
fail on a particular search step, while model B may succeed on this
step.Meanwhile, model Bmay fail on a future search step thatmodel
A would succeed on. To illustrate this, let us walk through a simple
example. Let us suppose that we wish to prove the power of a power
property for exponents; that is, that raising some natural number
𝑥 by some exponent 𝑛 and then raising the result by some expo-
nent𝑚 is equivalent to raising 𝑥 by the product of 𝑛 and𝑚. This is
accomplished in the Coq project fundamental-arithmetics. We
can formalize this property like so:

Lemma power_power: ∀ n m x : N, (x ^ n) ^ m = x ^ (n * m)

Let us also assume that we have already proven two supporting
lemmas that will make this proof more straightforward.

Lemma power_mult: ∀ n x y : N, (x * y) ^ n = x ^ n * y ^ n

Lemma power_plus: ∀ n m x : N, x ^ (n + m) = x ^ n * x ^ m

Finally, let us suppose that we have two models. Model A is very
good at induction, and at simplifying goals to make them more
tractable, but struggles with using earlier context (such as helper
lemmas). Meanwhile, model B is bad at induction and simplification,
but is very good at using existing context.

At first, we have only our single goal:
1 goal

∀ n m x : N, (x ^ n) ^ m = x ^ (n * m)

Model A, effective at induction, begins induction on variable 𝑛.
1 Proof.

2 induction n.

This opens up 2 new goals - the base case and the inductive case.
The base case is the focused goal, which model A simplifies via the
simpl. tactic.

2 goals

∀ m : N, (1) ^ m = 1

subgoal 2 is:

∀ m x : N, (x ^ S n) ^ m = x ^ (S n * m)

Nothing more can be done here to make the focused goal more
tractable, and we proceed with further induction. Model A inducts
on the only variable left in this goal, 𝑚, which gives us 3 goals
to solve. The first goal (1 ^ 0 = 1) is trivial, and can therefore be
solved with the trivial. tactic, while the next goal ( ∀ m : N, 1 ^

S m = 1) can be simplified with automated tactics like simpl. and
intuition. This leaves us with:

2 goals

m x : N

H: 1 ^ m = 1

1 ^ m + 0 = 1

subgoal 2 is:

∀ m x : N, (x ^ S n) ^ m = x ^ (S n * m)

Now model A gets stuck. Further simplification tactics don’t fail
but also don’t progress the proof. The same is true for continuing
to induct on𝑚. We are now at a point where continuing the proof
requires the use of context.

Now model B, which is good at using context but poor at induc-
tion, is able to correctly intuit that we can replace part of our goal
term using the hypothesis, and tries the tactic rewrite -> H. This
makes our focused goal 1 + 0 = 1, which is once again trivial. Now
we can focus on the final induction step. Model A can fiddle with
the goal using tactics like simpl. and intuition. to make it into
a form that can use our existing context:

2 goals

n, m, x : N

IHn: ∀ m x : N, (x ^ n) ^ m = x ^ (n * m)

(x * x ^ n) ^ m = x ^ (m + n * m)

But only model B is capable of using our previously proven
lemma, power_plus, to rewrite our foreground goal by replacing
x ^ (m + n * m) with x ^ m * x ^ (n * m), so the goal becomes (x * x ^ n) ^

m = x ^ m * x ^ (n * m).
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Figure 2: Tactic generator. Given a proof state, it generates a

list of tactics to try during proof search.

Now the final term in the goal, x ^ (n * m), matches with the right-
hand side of our hypothesis equivalence, which model B is able to
use via rewrite <- IHn to transform our goal once more:

2 goals

n, m, x : N

IHn: ∀ m x : N, (x ^ n) ^ m = x ^ (n * m)

(x * x ^ n) ^ m = x ^ m * (x ^ n) ^ m

Finally, this goal is in a form which matches our second previous
lemma, power_mult, and model B is able to apply this lemma to
produce:

x ^ m * (x ^ n) ^ m = x ^ m * (x ^ n) ^ m

All terms on each side of the = are directly equivalent, so the
final goal is dispatched and the proof is complete. Neither model A
nor model B are able to individually synthesize a complete proof for
this lemma. However, when given the opportunity to collaborate
at the proof step level, these two models can get to Qed.

3 The ProofCoop Approach

While prior work enabled models to collaborate at the theorem
level [7, 17], our ProofCoop approach enables proof-search-step-
level collaboration. ProofCoop uses six collaboration methods for
proof synthesis: union tactic prediction, stack prediction, certainty
bidding, voting, subgoal proof sharing, and local subgoal proof
exploration. Union tactic prediction, stack prediction, certainly bid-
ding, and voting allow models to share tactic predictions, while sub-
goal proof sharing and local subgoal proof exploration allowmodels
to share successful subproofs. We next describe the six methods.

3.1 Tactic Prediction Communication

Recall from Section 2.2 that model-based proof-synthesis tools use
a learned model that predicts, given the current proof state and the
already partially written proof, the set of next proof steps to explore.
This is shown by Figure 2 — at each node in the search tree, a tactic
generator, shown in a dashed box, takes a proof state, and generates
a list of tactics to try. Each proof step consists of a tactic that acts

to change the proof goal or the hypotheses. Each tactic prediction
comes with a confidence score, based on the model’s certainty that
this is the correct tactic, computed from model-generated proba-
bility distributions of the predicted tactics. A proof search can then
use a given model repeatedly to predict tactics, trying the tactics
in order of decreasing confidence (in other words, trying the top
N-predictions). This generates a search tree where each node is a
proof state and children nodes are generated by applying tactics
predicted by the model. The search tree is then traversed using vari-
ous search strategies. Because the search tree is usually much larger
than can be explored in full, the order in which tactics are tried is
crucial to the success of the proof search. In a regular search using
a single model𝑀 , this tactic generator uses the model𝑀 to predict
a probability distribution, from which a list of tactics is generated.

Figure 3(a) illustrates ProofCoop’s communication through tac-
tic predictions, where the dashed boxed is like the tactic generator
from Figure 2 but modified to make use of multiple models. Say we
have 𝑘 different models, and each one takes as input a proof state,
and returns a probability distribution over likely tactics. At each
node in the search tree, ProofCoop allows the models to share
by asking each of the 𝑘 models to provide its predicted tactic list
and confidence distribution, and then using a merge function to
combine the 𝑘 distributions into a single ordered list of tactics to
try. We next describe three implementations of merge for sharing
strategies between models.

3.1.1 Union Tactic Prediction. ProofCoop’s first approach to
model collaboration works as follows: at each node in the search
tree, take the union of the tactics predicted by each model, and then
try the tactics from this union. This is implemented by having the
merge function from Figure 3(a) return the union of the tactics sug-
gested by all of the models. Union Tactic Prediction combines tactics
in a round-robin fashion, trying every model’s highest confidence
tactic before it tries their second highest confidence tactics. This
results in one single-ordered list of tactics. When iterating through
this list, ProofCoop skips over all tactics proposed by a particular
model once the search width limit for that model has been reached.
In this way, when ProofCoop uses this approach, tactics from all
models are tried at each node in the search tree. Theoretically, this
approach subsumes any of the individual models doing their own
search: a proof found by any one of the models in its own search
will be made up of tactics that the combined approach will also try.
Since the approach tries combinations of tactics that no singlemodel
would have tried in one single search tree, the combined search
tree contains proof attempts that were previously unexplored, thus
having the potential to find proofs that no single model could have.
While this approach does find previously unexplored parts of the
search space, it also leads to a large (specifically wide) search tree.

While aggregating tactic predictions in this way can potentially
attempt every possible search combination, the time and space
resources required by this approach can quickly multiply beyond
feasibility. For instance, a tree with a maximum depth of 10 and a
search width of 5 per model (our default), with one model, will con-
tain a maximum of 1.22 ∗ 107 nodes when only 1 model is used, and
9.93 ∗ 1013 nodes when 5 models are used, an increase of 8 million
times. This can greatly increase both search time, as each model
must be queried for its predictions at every node, as well as required
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space. Depending on available resources, this canmake largermodel
combinations infeasible. To allow this approach to run in more con-
strained resource setups, we attempt to limit the width of the tree by
reducing the number of children created from each node. We first
create a list of tactics that have already been run by the search from
the current node, and disallow the search to create multiple child
nodes with the same predicted tactic. Furthermore, we consolidate
predicted tactics that perform similar functions. We do this by re-
placing sets of tactics with tactics that fully subsume the functional-
ity of every tactic in the set, so as not to prune any valid search paths.
We make the following replacements: {injection, discriminate}
→congruence, {omega}→lia, {trivial, reflexivity, symmetry,
contradiction, inversion} →easy, {lazy, cbv} →vm_compute,
{tauto, intuition}→firstorder, and {auto}→eauto.

We also notice that models often predict certain automation
tactics, either tactics that try to simplify the current goal in an
automated manner, or solve it entirely. These automation tactics
are particularly useful in the beginning or the end of the proving
process. In the beginning, they can simplify the goal in generic
ways that prepare it for more complex modifications. In the end,
they can perform the final steps of a proof by trying a variety of
simple solutions that would potentially involve a trial and error
process for the human user.

With the models taking the place of the human user, we use this
insight to force more complex goal processing out of the models
earlier in the search by offloading their use of automation tactics.
We do this by creating a dummy model that always outputs 6 tac-
tics ordered by computational cost; easy, congruence, lia, eauto,
firstorder, and vm_compute. The first 5 of these are solution au-
tomation tactics, while the last is an automation tactic for simplifi-
cation. All 6 tactics are capped to a timeout of 1 second per attempt,
as a small-scale exploratory study showed that 1 second was both
effective enough to cover most tactics (avg. tactic runtime of 0.04

seconds), while still being reasonably efficient. For all other tactics,
we use the default Proverbot9001 timeout. Just as every other model
in our architecture, we use up to the first 5 successful tactics from
this dummy model. However, unlike other models, no additional
request/response time is required. These tactics are also tried first,
so that our actual models cannot try using them again. This means
models are more likely to utilize their specific knowledge of the
goal and the proof state, by applying tactics such as the unfolding
of specific terms or the application of specific hypotheses. Addi-
tionally, if a common automation tactic that is likely to eventually
be predicted by our models can make significant progress or even
prove the theorem entirely, this is accomplished in the first several
branches of a node’s subtree. With both of these adaptations, we
aim to reduce the width and depth of a search, reducing the overall
tree size and therefore the time and space needed for the search,
thus improving the feasibility of this approach.

3.1.2 Certainty Bidding. To narrow down the search space, or
equivalently prioritize the parts of the search tree to explore, cer-
tainty bidding makes use of the confidence score. This approach
tries the tactics with the highest (un-normalized) individual pre-
diction scores across all model predictions, regardless of which
model predicted them. The intuition is that, at each node in the
search tree, the approach uses tactics from whichever model is the
most confident in its prediction. This is implemented by having the
merge function order all the tactics by their confidence score.

3.1.3 Voting. The intuition for iterative voting is that if multiple
models predict the same tactic, it is more likely to be a good tactic to
try. The simplest way to implement voting is to count the number
of models that predicted a tactic, but this does not take the ordering
of predictions into account. Instead, ProofCoop uses an approach
where models vote to determine the topmost candidate, then vote
to determine the second topmost candidate, etc. This is done by
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having the merge function do multiple rounds of voting. At every
round, each model puts forward (as its vote) its predicted tactic
with the highest confidence score, skipping over tactics that have
already been added to the final result (in prior rounds of voting).
In this way, for example, a model will keep voting for its topmost
candidate until this tactic is successfully voted upon by enough
other models (thus being added to the final result), and then the
model will move on to its second topmost candidate. Ties in the
voting are broken by the confidence score of the tied tactics.

Figure 3(b) shows how this merge function would work on an
example with three models. There are three rounds of voting:
• Round 1: 𝑀1 and 𝑀2 vote for intros, and thus intros wins

the first spot in the final list.
• Round 2:𝑀1 and𝑀2 cannot vote for intros again, since intros

is already in the final list, so they pick their next highest rated
tactic, simpl and unfold respectively;𝑀3 votes for unfold (as
it also did in the first round), and thus unfold wins the second
spot in the final list.

• Round 3:𝑀1 votes for simpl again;𝑀2 cannot vote for either
intros or unfold so votes for its third highest tactic, simpl;𝑀3
cannot vote for unfold, so it votes for its second highest tactic,
auto; and thus simpl wins the third spot in the list. Assuming
that we are only doing a search with a fan-out of 3, the final list
is then [intros, unfold, simpl]. If we wanted more elements,
we could have continued the process.
The voting approach provides a distinct tradeoff compared to

the certainty bidding approach: it can prevent a single confident
model from dominating the search tree, but it can also lead to
trying tactics that many models voted with low confidence.

3.1.4 Stacking. Both voting and certainty bidding can potentially
be negatively impacted by a model that is very certain about the
wrong tactic. In the certainty bidding approach, this model can win
out among better trained models that predict multiple effective tac-
tics with less certainty. In the voting approach, it can bolster a vote
for an incorrect tactic, meaning that this approach is most effective
when the majority of models are relatively accurate. A stack predic-
tor approach instead involves training a meta-model that predicts
which tactics among all outputs are most likely to be correct at each
search tree node. The stack predictor acts as a controller for the
component model set, allowing models to be trained for specific
tasks (for instance, solving subgoals of certain types) and training
the predictor to recognize which model is best suited for the current
task. To do this effectively, this predictor must be able to recognize
when newly observed goals and proof contexts are semantically
similar to those seen in the past. LLMs excel at this task [30], and so
we implement ProofCoop’s stack predictor using the ModernBERT
LLM (22 layers, 149 million parameters) [84]. We use GPUs for train-
ing and CPUs for inference. To gather training data, ProofCoop
tries all the models on various proof states, and for each proof state
records the goal, model, tactic and certainty of the prediction, along
with whether the prediction matched the ground truth. ProofCoop
uses this data to fine-tune an encoder-based LLM meta-model as
a classifier that will return, given this combination of inputs, a cer-
tainty that the prediction matches the ground truth. During search,
ProofCoop prompts every model for its list of predicted tactics
along with their certainties, and inputs each prediction into the

stack predictor. The resulting list of certainties outputted by this
predictor are sorted in order of positive classification certainty, and
the top 10 are returned in order as the collaborative output.

3.2 Communication via Shared Subgoal Proofs

The first four approaches to model collaboration we described
worked by having models share tactic predictions. The next two
approaches use a different communication mechanism between
models: instead of sharing tactic predictions, these approaches
share completed proofs of subgoals.

3.2.1 Subgoal Proof Sharing. A subgoal is a proof objective gener-
ated at an internal node in the search tree, containing the current
goal to be proven and associated hypotheses. Say that model 𝐴
unsuccessfully tries to prove a theorem, but during its search it
generates a subgoal that it successfully proves. ProofCoop will
store this subgoal proof in a global cache, along with the associated
subgoal and its hypotheses. When another model, say 𝐵, encounters
the same subgoal, it can use the shared proof (from the cache) to
complete the subgoal, rather than trying to prove it on its own. This
increases the power of model 𝐵, which would not have been able
to prove this subgoal on its own. Enabling 𝐵 to prove this subgoal
allows 𝐵 to explore other parts of the search space.

Figure 4(a) illustrates our subgoal sharing approach. Completed
proofs of subgoals are collected by instrumenting the proof search
to identify when a new subgoal starts and when it is completed,
collecting the steps in between to create the proof. At the top level,
ProofCoop then runs two sets of full searches, with every search
using a single model at a time, in a round-robin order. During the
first set of searches, successful subgoal proofs are only collected.
During the second set, every search has access to and can reuse all
the successful subgoal proofs in the cache from the previous model
runs. Furthermore, during the second set of searches, successful
subgoal proofs continue to be collected, so later models may have
access to a larger cache than earlier models.

3.2.2 Local Subgoal Proofs. Our final approach also involves
shared subgoal proofs, in a less robust but more efficient manner
that does not require rerunning individual searches with multiple
models. In this approach, at each node in the search tree where a
new subgoal is opened, ProofCoop asks each model to perform
a local search of limited scope to try proving the current subgoal.
ProofCoop limits the scope by setting a maximum depth for each
local search, say for example 3. If any of the models can discharge
the subgoal within its local search, then the subgoal proof is con-
sidered complete, and the search can move on to the next subgoal.
If none of the models can discharge the subgoal within their local
search, then a default model is used to predict a set of tactics, with
the search going on. This approach allows models to work together
in a local way to complete subgoals, but does not require the global
coordination of the cache-based approach. Figure 4(b) shows how
this approach works. The dashed box in Figure 4(b) represents the
tactic generator that replaces the dashed box from Figure 2. Note
that𝑀1 through𝑀𝑘 are the models that perform local searches and
model 𝑀 is the default model that the approach backs onto if no
local searches discharge the subgoal.
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Figure 4: Sharing subgoals: (a) ProofCoop’s subgoal sharing approach and (b) ProofCoop’s local subgoal proofs approach.

3.2.3 Robustness. Potential issues encountered when running any
tree-based search with Coq include stack overflow and timeout
errors. These errors can happen when a tactic attempt doesn’t
effectively terminate due to excessive recursion or looping, or takes
up too much memory opening subgoals or attempting paths. When
a single model search runs into this error, the entire search fails
and no proof script can be synthesized. Unfortunately, it is possible
that if such a failing path is explored before others in the above
approach, the search will fail even though a different path would
have succeeded. This is particularly an issue for approaches where
we do not filter our list of model tactics (union tactic prediction,
subgoal sharing, and cheap subgoal exploration). To combat this, for
these approaches, ProofCoop keeps a cache of 3-tactic sub-paths
for each proof that caused failures, and prevents the search from
reattempting sub-paths in this cache. ProofCoop also keeps a cache
of attempted paths that did not succeed, but also did not cause a
crash. As a new search moves through its tree, every path is checked
against both of these caches, allowing ProofCoop to continue a
proof at exactly the crash point. This approach requires restarting
a proof attempt after crash. Unfortunately, many paths that cause
crashes are very similar, requiring several restarts. ProofCoop
reruns search attempts up to 5 times the number of component
models. It is still possible that the number of failing paths is greater
than the number of attempts, but this method reduces the chances
that a search fails because of an error caused by a single model.

4 Evaluation

We evaluate ProofCoop’s ability to synthesize proofs and answer
the following research questions:
RQ1 How effective is ProofCoop at proving theorems compared

to the state of the art?

RQ2 How effective and efficient are each of ProofCoop’s under-
lying approaches?

RQ3 How does the number of ProofCoop’s component models
affect its theorem proving capability?

RQ4 What is the relative impact of each of ProofCoop’s collabo-
ration strategies?

Our main findings are:
• ProofCoop’s union tactic prediction approach proves 19.8%

more theorems than a Diva combination of 5 models and pro-
vides an upper bound to the capabilities of model collaboration.

• ProofCoop’s more efficient subgoal sharing approaches still
prove more theorems than a Diva combination.

• ProofCoop’s most efficient approaches, voting and certainty
bidding, prove more theorems than their component models
within the same search time, while its stack predictor approach
proves more theorems than a Diva combination within the same
search space but requires additional processing overhead.

• ProofCoop ismost beneficial in cases where componentmodels
themselves are not particularly accurate.
Our data and evaluation scripts are publicly available as part of

our replication package [40].

4.1 Benchmarks

We train and evaluate on the CoqGym benchmark [89] of 124 open-
source Coq projects with 68,501 theorems. This benchmark con-
tains a compiler, proofs and implementations for mathematical and
automation concepts, programs, and automation libraries. These
projects range in size from over 100K lines of code (CompCert [47])
to just over 1K (zsearch-trees). Some of these projects do not con-
tain any proofs but are included for completeness in line with prior
work [66]. Also in line with prior work, we use 97 projects (57,719
theorems) as training data for our component models, and the other
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26 projects (11,911 theorems) for evaluation. Our 5 main compo-
nent models are trained on the largest 5 training projects (29,685
theorems). To accommodate resource constraints, for some of the
research questions, as detailed below, we use a uniformly random
representative subset of 500 theorems, which we refer to as 500-test.

4.2 Experimental Setup

We implemented our collaboration strategies on top of Prover-
bot9001’s search tree architecture [66]. We first performed a limited
exploration of diversity metrics influenced by the work done in
Diva [17]. To find model combinations that exhibit diversity, we
trained and evaluated models with different training settings on
the CompCert [47] project from the benchmark set. We explored
different training data sets, learning rates (0.7, 0.35, 0.07, 0.007,
0.0007), different optimizers (Adam, RMSProp, SGD), and used the
Proverbot9001 architecture to modify its RNN model structure by
turning off certain input weights (goal heads, hypothesis heads,
hypothesis scores, previous tactics).

We found that using different training sets was a particularly
effective diversity metric, and that this metric had the added benefit
of providing us with some models that were as effective as state of
the art tools and some models that performed poorly. This allows
us to explore how the benefits of ProofCoop in cases where its
component models are fine-tuned to high accuracy, and cases where
a model’s accuracy is average or low.

Consequently, we trained Proverbot9001 separately on each of
the 5 largest CoqGym projects (CompCert, GeoCoq, VST, Coq,
distributed-reference-counting). These projects contain 120,576,
74,085, 96,640, 72,387, and 15,950 training data points, respectively.
We trained on a cluster including NVIDIA Tesla A100s, NVIDIA
Tesla V100s, NVIDIA A40s and NVIDIA Ada Lovelace L40S GPU
nodes. We primarily used default Proverbot9001 parameters, in-
cluding tactic timeout, maximum search tree width, and maximum
search tree depth. We only varied learning rate (0.05 for all models
aside from CompCert, which trained best on the default of 0.7), the
context filter (where we filtered for goal arguments, hypothesis
arguments, and relevant lemma arguments), and tactic timeout in
the case of dummy tactics (as discussed in Section 3.1.1). The Diva
combination of the proofs synthesized by these models proved 3,287
theorems, or 27.6% of the test set.

RQ1 (Section 4.3) evaluates union tactic prediction, ProofCoop’s
most comprehensive traversal of the search space (recall Section 3.1)
on the entire CoqGym test set, and compared it to the Diva combina-
tion of the above 5 models. RQ2 (Section 4.4) compares these results
to ProofCoop’s alternative approaches in terms of the number of
theorems proven in our full and 500-test sets, and the average num-
ber of search steps per theorem proven in the 500-test set. RQ3 and
RQ4 also use the 500-test set (Sections 4.5 and 4.6). RQ3 compares
Diva combinations of 2, 3, and 4 models to ProofCoop’s combi-
nations of those same models for the union tactic approach. RQ4
performs ablation studies to test algorithmic and Diva combinations
of ProofCoop’s approaches.

4.3 RQ1: Comparison to State of the Art

While ProofCoop’s approach can be implemented using any
search-tree-based proof synthesis architecture, we evaluate using

approach

theorems average

proven steps

best individual model 2,604 231.4
Diva combination 3,287 306.0
Diva & automated tactics 3,327 268.0
union tactic prediction 3,937 709.0
subgoal proof sharing 3,328 503.5
local subgoal proofs 3,451 265.2
certainty bidding 2,627 201.6
voting 2,633 184.0
stack predictor 2,670 229.5

Figure 5: The number of theorems proven in the full Coq-

Gym test set, along with average number of search steps per

synthesized proof in the 500-test set.

and against component models trained on Proverbot9001 (recall
Section 4.2). We find that ProofCoop’s union tactic prediction
approach synthesizes successful proofs for 33.0% of theorems in
the CoqGym benchmark, compared to 27.5% proven by the Diva
combination of the 5 component models. The best individual model
can prove 2,604 (21.8%) of theorems. In combination with CoqHam-
mer, ProofCoop’s union tactic prediction approach synthesizes
successful proofs for 36.0% of theorems.

While, in theory, ProofCoop should subsume all Diva combi-
nation results, due to the feasibility design decisions discussed in
Section 3, ProofCoop does not in fact prove all of the theorems
in that combination. Instead, Diva combinations and ProofCoop
can be complimentary. This is especially important since simply
adding models to Diva is not always an effective way to increase the
number of theorems proven. For instance, we more than doubled
the number of models in our Diva combination to 11 by including 6
of the most successful models from our set discussed in Section 4.7
(models trained on the entirety of the CoqGym training set with
goal head weights, hypothesis head weights, and previous tactic
weights nullified, as well as models trained on the entirety of the
CoqGym training set with maximum term lengths of 15, 30, and
45). On average, these models proved 2,411 theorems. The result of
the combination of 11 models was a total of 3,586 theorems proven,
or 30.1% of the test set. However, a Diva combination of the origi-
nal 5 models along with ProofCoop proved 4,091, or 34.3% of the
test set. This indicates that training fewer models and using them
collaboratively is more effective than training more models.

4.4 RQ2: Comparisons of individual strategies

Figure 5 shows the number of theorems in the CoqGym test set
proven by themost successful individual model, a Diva combination,
and ProofCoop’s union tactic prediction, subgoal proof sharing,
local subgoal proofs, and certainty bidding approaches. It further
shows the average number of search steps per proven theorem,
computed over the 500-test set.

We use average number of search steps as a proxy for efficiency.
Runtime is dominated by theorem prover calls, which happen once
per search step [66]. Cluster load, node assignments, and parallel
search executions make wall-clock runtime an unreliable measure.
Search steps is the typical efficiency measure in this domain [68].
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# of models individual model Diva combo ProofCoop cheap exploration subgoal sharing stack predictor voting bidding

2 74.2 98.8 119.2 103.0 99.8 85.7 87.2 90.1
3 74.2 110.2 127.9 115.7 110.5 90.7 94.9 95.0
4 74.2 116.8 140.8 121.2 116.6 95.8 95.2 95.4
5 74.2 121.0 150.0 126.0 121.0 97.0 96.0 96.0

Figure 6: The number of theorems proven from a 500 theorem test set comparing the following: For 𝑋 ∈ {2, 3, 4, 5}, The average
of theorems proven by each individual model component model, and then for every combination of X models in the set of 5

component models, the average number of theorems proven by: all Diva combinations, ProofCoop, the cheap exploration

approach, the subgoal sharing approach, the stack predictor approach, the voting approach, and the bidding approach.

The results show that union tactic prediction, subgoal proof shar-
ing, and local subgoal proofs prove more theorems than Diva. While
the union tactic prediction strategy synthesizes the most proofs, it
is also the least efficient, requiring on average 2.3 times more search
steps than Diva. This inefficiency also limits scalability. All of the
search steps for this strategy are taken within the same search tree
(unlike the subgoal proof sharing and local subgoal proofs strate-
gies, which create separate search trees for each component model).
Thus, it is not possible to easily parallelize or serialize any parts
of this search to fit time or computational constraints, limiting the
number of component models. Meanwhile, other strategies are far
more efficient, with search step requirements similar to or below
an individual model. The local subgoal proofs approach uses on
average 13.3% fewer search steps than Diva while also proving 5.0%
more theorems. Subgoal proof sharing is 1.2% more effective than
Diva. For subgoal sharing to be effective, it must be the case that
some model can prove a subgoal that another model gets stuck on,
but not the preceding subgoal. This sets a strict requirement for
the way in which models must complement one another for this
collaborative approach to be successful. It may also be that two
searches per model, one to gather proven subgoals and one with
access to them, is not enough, and using more search rounds to
allow for more depth is an interesting direction for future work.
Alternatively, subgoal sharing may be more useful in combination
with other approaches (our study in Section 4.6 shows that it can
help improve the effectiveness of union tactic prediction).

The other collaboration strategies did not prove more theorems
than Diva. However, voting, bidding, and stack prediction can still
be effective. All three of these strategies outperformed the best-
performing individual model, which synthesized proofs for 2,604
theorems. Stack prediction synthesized 2,670 (22.4%) theorems, an
increase of 2.5%. Na}̈ive voting and bidding performed more mod-
estly, successfully synthesizing proofs for 2,633 and 2,627 theorems,
respectively. However, both strategies used fewer search steps than
the most successful individual model search, with reductions of
20.5% and 12.9%, respectively. Furthermore, unlike the other ap-
proaches, both voting and certainty bidding can be negatively af-
fected by the worst models in the combined set, as bad models can
be very certain about poor tactic predictions. Reducing the set of
component models to the three best performing ones results in an
increase in proven theorems for both of these approaches, with
voting and bidding proving 2,679 and 2,676 theorems, respectively,
an increase of 2.8%–2.9% over the best performing individual model.

Finally, we compare ProofCoop to a Diva combination that
includes a model that only uses ProofCoop’s automated tactics.

Altogether, this combination proves 3,327 of theorems in the test
set, making ProofCoop 18.3% more effective.

4.5 RQ3: Comparisons of model counts

Figure 6 presents the number of theorems (from the small test set)
Diva and ProofCoop combinations of 2, 3, 4, and 5 models prove.

For certain approaches, as the number of component models
increases, ProofCoop’s improvements over Diva decrease. This
happens for the same reason that the benefit of Diva combination
itself decreases — reaching the ceiling of the ability of such models
to predict usable tactics. Interestingly, the increase in theorem’s
proven by ProofCoop over the Diva combination was most effec-
tive for models that performed more poorly individually. The mod-
els trained on GeoCoq and distributed-reference-counting proved
53 and 42 theorems out of 500, respectively, and in Diva combi-
nation proved only 69, or 13.8% of the theorems. However, when
combined through ProofCoop, they proved 90 theorems, an im-
provement of over 30%. Additionally, the collaboration of these
models was as successful as the top performing individual models,
only less successful than the most accurate model, trained on the
VST project, which proved 97 theorems. Meanwhile, the improve-
ment seen when component models performed well already was
far smaller. Models trained on the VST and Coq projects proved 97
and 89 theorems out of 500, respectively, and in Diva combination
proved 111. When used as components of ProofCoop, the tool
proves 126 theorems, an improvement of only 13%.

For a more resource-equivalent comparison against depth-first
search (DFS) for each component model, it would be ideal to in-
clude average values for each component model given search tree
widths of 5, 10, 15, 20, and 25. This would be the equivalent of the
ProofCoop search widths. However, as discussed in Section 3.2.3,
larger widths of 20 and 25 result in an infeasible runtime (>1 week)
for DFS searches with our available resources. We did find that, for
instance, searches given a width of 10 resulted in 96.6 theorems
proven across searches by each of our 5 component models, which
is less than the average Diva combination of 2 models. This indi-
cates that the Diva combination is likely an effective benchmark
against which to compare in spite of potential resource inequality.

4.6 RQ4: Ablation Study

We seek to better understand the relative impact of ProofCoop’s ap-
proaches. Measuring this requires looking at our approaches in com-
bination. However, not all combinations in which strategies run to-
gether are possible because some approaches are orthogonal to each
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algorithmic combination theorems proven

subgoal sharing & voting 123
subgoal sharing & bidding 122
subgoal sharing & stack prediction 122
subgoal sharing & union tactic prediction 187
local subgoal proofs & voting 128
local subgoal proofs & bidding 130
local subgoal proofs & stack prediction 129
local subgoal proofs & union tactic prediction 141

Figure 7: Algorithmic combinations of ProofCoop’s ap-

proaches and # of theorems proven on 500-test set.

other; voting, bidding, and stack prediction cannot all be performed
together because they are different methods of selecting the best
single tactic at a particular search step. Subgoal sharing and local
subgoal proofs cannot be combined because they are different meth-
ods of pooling subgoal solutions. As a result, wemeasure the relative
impact in two ways: one where we combine pairs of approaches
within the tool algorithmically such that they have access to each
other’s functionality, and one where we analyze the effect of remov-
ing each of ProofCoop’s approaches from their Diva combination.

For algorithmic combinations of approaches, we combine sub-
goal sharing and local subgoal proofs separately with each of voting,
bidding, stack prediction, and union tactic prediction (see Figure 7).
We use the 500-test set of theorems and measure the number of
theorems proved by each combination. For Diva combinations of
approaches, we combine all 6 ProofCoop approaches on the full set
of 11,911 theorems, and show the effect of removing every approach
individually from this combination (see Figure 8).

For both of these experiments, our results show that the most
impactful approach is union tactic prediction. Local subgoal proofs
and subgoal sharing contribute a modest impact, while the prefer-
ential prediction methods contribute no visible impact. This is not
surprising, as the union tactic prediction and subgoal methods are
able to traverse much larger search trees that likely subsume the
paths taken by preferential prediction methods. The benefits for less
effective approaches exist instead in their efficiency, as discussed
in Section 4.4. Indeed, algorithmic combinations provide evidence
for the limitations that computation places on the effectiveness of
union tactic prediction. For instance, theoretically, union tactic pre-
diction should subsume all search paths that subgoal sharing would
contribute. However, integrating subgoal sharing with union tactic
prediction likely allows ProofCoop to reduce the size of the search
tree union tactic prediction explores, increasing its efficiency and al-
lowing the algorithmic combination to prove 24.7% more theorems
with the same computational resources. Meanwhile, local subgoal
exploration may increase the size of the search tree that union tactic
prediction explores by creating sub-trees at every newly opened
subgoal, thus increasing the potential for Coq proof assistant errors,
and decreasing the number of theorems proven by 6.0%.

4.7 Discussion: Exploration of Diversity Metrics

This section examines different diversity metrics for Diva model
combinations. From our results in Sections 4.5 and 4.4, we see that

Diva combination theorems proven

all 6 approaches 4,091
all without voting 4,091
all without bidding 4,090
all without stack prediction 4,088
all without subgoal sharing 4,079
all without local subgoal proofs 4,066
all without union tactic prediction 3,556

Figure 8: Number of theorems from the full test set Proof-

Coop’s approaches prove in a Diva combination when we

remove each of them individually.

that model combinations that are more effective in Diva combina-
tion also result in a more effective ProofCoop combination. While
we chose to combine models trained on the five largest CoqGym
projects, we also explored other approaches, including those that
Diva [17] showed to be most effective. The Diva authors make the
claim that learning rate and number of previous tactics input into
the ML model were the most effective methods of creating diversity.

However, methods for creating diversity may be architecture de-
pendent. For instance, we found through a small-scale experiment
that we were not able to successfully train models on the full Coq-
Gym training set when we used learning rates that differed by a fac-
tor of 10 from 0.05, while small learning rate changes did not result
in diversity. Ultimately, this prevented us from creating diversity
through learning rate. Furthermore, the Proverbot9001 architecture
limits the number of previous tactics input into a model to 1, and
changing this value would involve changing the architecture itself.
Therefore, we investigated alternative approaches to diversity.

We focused on training data, length of the input term (standard-
ized number of tokens input into the tactic predictor), and model
architecture settings in the form of nullifying certain features (goal
headweights, hypothesis headweights, and previous tactic weights).
We also investigated whether a combination of diversity metrics
may result in a more successful search, and trained several models
that modified each of these variables at once.

In Figure 9, we see that the largest increase over the best individ-
ual model comes from varying term length and weight nullification,
with an increase of 13.3% and 13.4%, respectively. While our collec-
tion of trained models is not exhaustive, this exploration shows the
potential benefits of varying model settings to diversify model capa-
bilities and potentially maximize combined model utility. Though
we found that varying term length and weight nullification resulted
in the effective model diversity, we also found varying training data
to be effective, and motivate further experimentation for a more
systemic exploration of model diversity metrics.

4.8 Threats to Validity

While we explored several approaches to searching for complimen-
tary models to aggregate, our search was not exhaustive, and a more
rigorous exploration of potential factors in complimentary models
should be performed as future work. This may involve not only
searching for models that synthesize the highest number of proofs
in aggregate, but also models that solve high numbers of aggregate

1348



ProofCoop: Collaborative Automated Formal Verification ICSE ’26, April 12–18, 2026, Rio de Janeiro, Brazil

metric mean best Diva combination

term length 2,427.3 2,542 2,879
null weights 2,431.0 2,461 2,792
train data 1,746.3 2,494 2,756
combination 1,264.0 2,233 2,287

Figure 9: The diversity metric, the number of theorems

proven by the best individual model, and the number of

theorems proven by a Diva combination.

subgoals, as the main collaboration between models happens at
the subgoal level. Factors that influence the ability of two models
to compliment each other may include differences in hyperparam-
eters, including different optimizers, learning rates, and training
epochs, as well as training data (training some models to be better
suited to proofs contained in particular projects) and potentially
even different model architectures.

Our list of collaboration strategies is not exhaustive. The goal of
this work is to use insights from prior work onML-driven tree-based
proof search to develop collaboration methods, and understand the
trade-offs between efficacy and efficiency. There exist both other
methods ofML-driven proof search and other methods of tree-based
model collaboration. For instance, other algorithmic strategies ex-
ist to heuristically determine the best model or prediction to use
at a given search step. One such method (multiplicative weights
update) maintains weights for every component predictor that are
iteratively updated based on performance [2]. Our results motivate
the need for continued research of collaboration strategies.

Transformer-based models, such as LLMs, can prove more the-
orems than RNN-based models [79]. Our approach is just as ap-
plicable to LLM-based tactic prediction models, and investigating
LLM collaboration is an important future work direction. However,
testing with LLMs, especially on an established test set like Co-
qGym, provides the potential for test leakage. Using RNN-based
models allows us to directly compare to existing state-of-the-art
tool, such as Diva and Proverbot9001, without potential test leakage
compromising evaluation integrity.

We found that increasing search width beyond 15 for a standard
DFS search increased required search time enough to limit feasibil-
ity even on a test set as small as 500 theorems. Thus, this prevented
us from performing a full comparison against searches that are
given comparable resources (in terms of search width).

5 Related Work

Our work is inspired by SMT solvers, which, in industrial settings,
are deployed in a portfolio in a winner take all strategy [64, 87]. The
portfolios can include different solvers, e.g., Z3 [10] and CVC4 [4],
and differently randomly seeded solvers. The solvers may partition
an SMT instance to avoid redundant work, with each partition
solved by its solver [50]. The solvers may share solved clauses [26,
50, 60], which inspired our subgoal proof sharing.

Recent work has explored using machine learning to synthesize
proofs, where a predictive model guides a search through the
space of candidate proofs. Model architectures for this task include
RNNs [32], LSTMs [89], GNNs [57, 65], and transformer-based
LLMs [27, 36, 37, 59]. While these models typically predict the

next tactic (with arguments), Proverbot9001 [66] uses two separate
models, one for tactic prediction and one for argument prediction.

Reinforcement learning (RL) has also been effective for proof
synthesis; this requires creating an action space, either by providing
a limited static tactic list [88], using an ML model to generate
the action space as a ranked tactic list [3, 68], or using an LLM’s
token space as an action space [12]. Expert iteration and self-play
can be useful for training LLM-based proof synthesis models [13,
48], learning from machine-generated proofs. Augmenting training
data for component ProofCoop models with proofs generated by
other models is a promising future work direction. However, more
training data is not always beneficial, as filtering strategies are
required to exclude examples during RL training [7, 48]. Our work
supports the need for exploring training data filtering as a model
trained on all CoqGym training projects does not subsume models
trained on individual projects, and when the individual projects’
models collaborate, they perform even better. RL models can also be
used to learn a fitness function that predicts promising proof search
paths [68]. Future work should explore the incorporation of such
a function into model collaboration. This may increase efficiency
by pruning unpromising search tree nodes and enable stage-based
collaboration, as different collaboration methods may be optimal
as the proof search progresses.

Prior work explores models that consider different features of
the proving environment. LeanDojo [90], Magnushammer [52], and
Graph2Tac [65] retrieve already proven premises from the environ-
ment to serve as input to their tactic prediction models. TacTok [18]
uses the proof script, Diva [17] additionally uses the proof term,
and Passport [67] includes rich identifier information. Baldur [19]
takes error messages as input to their whole proof prediction model.
Gpass considers training checkpoints to use fewer models in a Diva
combination [7]. All of these features serve as diversity dimensions
or metrics, but for this work, we only considered a limited set of
these to make our experiments tractable.

Neural models can perform proving tasks apart from next
tactic prediction. Thor [36] fine-tunes an LLM to learn when
to apply Sledgehammer [58] or when to predict a tactic. DraftS-
ketchProve [38] prompts an LLM to translate informal proofs
into a formal proof sketch with holes, filling them in with calls to
Sledgehammer, thereby autoformalizing the natural language proof.
Follow-up work extends this framework [83, 93, 94]. LEGO [83]
decomposes theorems into helper lemmas by prompting an LLM.
Future work should explore the collaboration of these models.

Search procedures are typically a depth-first, breadth-first, or
best-first search [66, 89, 90]. Some work uses more complex search,
such as Monte-Carlo tree search [42] or A* search [21]. However,
even in an approach like Diva that considers multiple models, prior
work in proof synthesis has always conducted the search with each
model separately. Model combinations have been used to solve
geometry problems via AlphaGeometry2 [9], by recording proven
facts in a shared database. Cobblestone [39] employs a divide-and-
conquer approach to decompose and recursively repair an incorrect
whole-proof attempt in collaboration with oracles.

To provide feedback to models during search, we follow Prover-
bot9001 in using Coq [76], used widely in formal code verification
work [24, 25, 33, 35, 47, 53, 62, 69, 86]. However, Coq is one of a
number of existing proof assistant tools [29, 45, 56, 70, 74, 80–82].
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Our approach is compatible with any theorem prover and any
synthesis tool as long as it uses search trees that receive tactic
success feedback at every node. Formally specifying system
properties is complementary to proving them. Prior work has
formalized natural language specifications [15, 23, 54, 92]. Once
specified, some properties, such as fairness [6, 20], can be verified
probabilistically [1, 22, 31, 51, 78, 85].

The increase in AI-driven code generation risks reducing soft-
ware quality [5]. Automated program repair [44] can actually break
functionality and reduce overall quality [55, 71]. Poor automated
code suggestions can mislead developers, again reducing qual-
ity [14]. AI-powered formal specification refinement and proof
generation, such as by ProofCoop, can, in theory, improve this
quality and reduce human effort [5]. Future research should inte-
grate formal verification with automated program repair [5].

6 Contributions

We have presented ProofCoop, an approach for enabling proof
synthesis models to collaborate in six different ways. Our empiri-
cal evaluation on a large benchmark showed that our preferential
next-step prediction approaches outperform the best individual
models, when controlling for running time, and that our subgoal
proof sharing and union tactic prediction approaches outperform
Diva, the state-of-the-art combination approach, which doesn’t use
collaboration. ProofCoop enables models with lower individual
performance to be as effective as a high performance model. Our
work demonstrates the potential benefits of collaboration between
models developed for automated proof synthesis and supports con-
tinuing exploration of robust and effective collaboration methods.
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